Suppose /: X -» Y is continuous and onto and g: Y -> Z is such that g o f: X -» Z has a property we are interested in. For which properties of functions can we infer that g has the same property? Properties for which we can infer this include continuity and the Darboux property. Properties for which we cannot include almost continuity.
In calculus, we encounter the result that the composition gof of two contin- The reason we suppose / is onto Y is that gof would be continuous when g is continuous on f(X), but not on X\f(X).
Of course, there are many properties of functions for which this question is of interest. We consider only a few of our favorites here.
If h is any function, we let Gr(A) denote the graph of h . Suppose /: X -► Y is continuous and onto and g: Y -> Z. The height-preserving function H: X x Z -> Y x Z defined by H(x, y) = (f(x), y) is continuous. Now,
because / is onto X. This observation immediately gives us the following two theorems, the first being an easy consequence of the closed graph theorem. • Since X is connected and X = A U P, we may suppose, for argument's sake, that P n cl(v4) ^ 0. Then there is a point p e Bnel(\J&). Let {x"} be a sequence in U W converging to p, and let C" be the member of W to which x" belongs. For each n , choose y" G f~x(a) n cl(C"). For simplicity, we may suppose {y"} already converges to a point q . Then q g f~x(a). By Theorem 2-101 of [7] , Y = lim sup C" is connected, and p, q G Y. We claim that g o f is almost continuous. Assume that it is not. From the definition of almost continuity, there exists a closed set K in I2 such that KnGr(gof) = 0 and if h: I -► I is continuous, then Gr(h)nK ^ 0 . We may take K to be irreducible with respect to the property of intersecting all graphs of continuous functions from I into I (see [9] ), from which it follows that the X-projection, nx(K), of K is connected. Let /:/-►/ be continuous, g: I -► I have a connected graph, and h: I -> I be almost continuous. It is known that both ho f and f o h are almost continuous [10] and that fog has a connected graph [6] . We show next that gof has a connected graph, too. This result seems to have been overlooked. In Theorem 2.7 of [6] , Hildebrand and Sanderson did show that given topological spaces R and T, a set S, and functions /: R -» 5 and g: S -* T, then gof is a connectivity function if and only if 5 has a topology for which / is a connectivity function and g is continuous.
Theorem 4. If f: ÍH -» ÍH is continuous and g: ÍH -> fH has a connected graph, then gof has a connected graph.
Proof. According to [2] , a function g: ÍK -► 9Í with a connected graph can be characterized in terms of compact, connected subsets of the x, y plane %\2 as follows: The graph of g is connected if and only if whenever D is a continuum in 9t2 which contains points above and below the graph of g, then D meets the graph of g. With this in mind, we let M be a compact, connected subset of 9\2 which contains points above and below Gr(g o f). /: X -» Y is a connectivity function if Gr(/|c) is connected whenever C is connected. A function with domain ÍH is a connectivity function if and only if its graph is connected. However, Hagan [5] and Whyburn [11] have shown that a function /: I" -► Im , where n > 2, is a connectivity function if and only if / is peripherally continuous. That / is peripherally continuous at x means that given open neighborhoods U and V of x and f(x), respectively, there exists a neighborhood W of x such that x G W ç U and f(boundary(W)) ç V.
It is somewhat surprising that Theorem 4 holds. Indeed Stallings [10] stated that connectivity functions do not, in general, satisfy a proposition similar to our Theorem 4 and that for this reason, the study of connectivity maps is difficult. In 8K ' I 1/2 if P = f(A).
